Abstract : In this paper, we consider control of grasp and manipulation of an object in a 3-dimensional space by a 3-fingered hand robot with soft finger tips. We firstly propose a 3-dimensional deformation model of a hemispherical soft finger tip and verify its relevance by experimental data. Second, we consider the contact kinematics and derive the dynamical equations of the fingers and the object where the 3-dimensional deformation is considered. For the system, we thirdly propose a method to regulate the object and the internal force with the information of the hand, the object and the deformation. A simulation result is presented to show the effectiveness of the control method.
Introduction
Control of grasp and manipulation of an object by a multifingered robot hand has been studied by many researchers. In many researches, finger tips are considered as rigid bodies because the kinematics and dynamics of the hand and the grasped object can be easily derived. However, the contact friction is small because the contact between the finger and the object is point. On the other hand, recently, finger tips made from soft materials have been considered, which are called soft fingers. Compared with the fingers made from hard materials, the soft fingers have a lot of advantages [1] : the contact friction is large since the contact is made on a surface; the soft finger can reduce the impact force in contact establishment; it can fit on a large variety of shapes of the object; it can provide the moment about the contact normal to the object. However, it is necessary to consider the deformation of the soft finger for the model construction and control method.
Arimoto et al. [2] , Nguyen and Arimoto [3] , and Doulgeri and Fasoulas [4] considered a one-dimensional deformation model of a hemispherical soft finger and proposed passivity based controllers to regulate an object and contact forces by a two-fingered robot hand with the rolling contact in a two-dimensional space. They derived a radial deformation model. Nagase et al. [5] proposed a two-dimensional deformation model of a hemispherical soft finger and presented controllers to regulate the position and orientation of an object and the internal force with and without the information of the deformation and object. They considered radial and rotational deformations. Inoue and Hirai [6] - [9] considered a two-dimensional deformation model of a hemispherical soft finger tip with geometric and material nonlinearities and proposed a manipulation method based on the local minimum elastic energy with the rolling contact in a two-dimensional space. They considered vertical deformation to the flat part of the soft finger and deformation parallel to the surface of the contacted object. These studies proposed reasonable deformation models and control methods for grasp and manipulation, which take into account the properties of the deformation. However, since their deformation models and control methods are considered in restricted two-dimensional space, their methods can not be applied to manipulation in a 3-dimensional space. Yokokohji et al. [10] considered the grasp and manipulation of an object in 3-dimensional space by a three-fingered robot hand with hemispherical soft fingers and proposed a controller with friction compensation of the torsion moments about contact normals. However, the deformation of the soft finger is not considered because the contact is assumed to be point.
In this paper, we firstly derive a three-dimensional deformation model of a hemispherical soft finger, which is composed of three translational forces and one torsion moment about the contact normal. The all four force components generated by a soft finger [11] is included in this model. The relevancy of the deformation model is verified by experiment data. With this model, we consider control of grasp and manipulation of an object in 3-dimensional space by a 3-fingered hand robot, each of which has three degrees of freedom. Second, we consider the contact kinematics with the finger deformation and derive the dynamical equations of the fingers and the grasped object with deformation effects. For the system, we thirdly propose a method to regulate the object and the internal force with the information of the hand, the object and the deformations. A simulation is presented to show the effectiveness of the control method.
Finger Deformation Model

Problem Setting and Results
In this paper, a soft finger means a hemispherical soft material, the flat part of which is attached to a rigid base in the left of Fig. 1 . We make a deformation model of a soft finger with a contact to a plane of a polyhedral object in the right of Fig. 1 .
The frame and coordinates of the configuration of the contact point before the deformation are defined here. The finger frame Σ F i is attached to the center of the soft finger as in Fig. 2 . The subscript i denotes the number of the fingers. The y F i -and z F iaxes are in the finger base and the x F i -axis goes through the finger. Since the soft finger is a hemisphere, the contact point on the soft finger tip before deformation is expressed by the polar coordinates (θ i , φ i , r i ), where θ i , φ i and r i are the angles and radius. The contact frame Σ C F i is attached at the contact point, which is defined such that the x C F i -and y C F i -axes are in the longitude and latitude through the contact point and the z C F i -axis is in the normal to the finger surface.
The configuration of the contact point after the deformation is defined. When the finger is deformed with the contact on the object, the contact surface is the circle from the geometry of the finger and object as shown in the left figure of Fig. 3 (a) . Therefore, the contact point after deformation is defined as the center of the contact surface. The right figure of Fig. 3 (a) shows the cross section along the longitude through the contact point. The deformed area overlapping the object is expressed by the compressive deformation displacement δ r i ∈ R + in the radial direction. As shown in the left figure of Fig. 3 (b) , the deformations along the finger surface are expressed by the shearing and compressive deformation angles δ θ i , δ φ i ∈ R in the inverse directions of (θ i , φ i ). The torsion deformation on the contact surface is expressed by the shearing deformation angle δ ψ i about the z C F i -axis in the inverse direction. Define the deformation coordinates as
The deformation definition is summarized by the following assumption:
Assumption 1
The elastic deformations of the soft finger are composed of the shearing and compressive rotational displacements (δ θ i , δ φ i ) in the left figure of Fig. 3 (b) , the compressive radial displacement δ r i in the right figure of Fig. 3 (a) and the torsional displacement δ ψ i about the contact normal in the right figure of Fig. 3 (b) . The directions of the displacements (δ θ i , δ φ i , δ r i ) are defined as the inverse directions of (θ i , φ i , r i ). Fig. 2 The polar coordinates of the configuration of the contact point. To derive the elastic forces produced by the deformations, we make the following assumptions:
Assumption 2
The forces produced by the deformations are generated by Hook's law with respect to the small elements of of the soft finger.
Assumption 3
The deformation displacements are small enough such that the forces generated by the deformation do not depend on the path of the deformation.
Note that assumptions 2 and 3 are properties of elastic bodies [12] . Therefore, these assumptions are reasonable.
From Assumptions 2 and 3, the forces produced by the deformations are derived as the functions of the deformation displacements δ i :
where δ F r i is the force in the radial direction and δ F θ i and δ F φ i are the moments about the x F i -and z F i -axes in the left figure of Fig. 3 
(b).
δ F ψ i is the moment about the z C F i -axis in the right figure of Fig. 3 (b) . The derivation and verification of the deformation force δ F ∈ R 4 are shown in the following sections. Note that δ F i is not the generalized force vector which has 6 degrees of freedom and is just only the vectorization of Fig. 4 shows the cross section in the right figure of Fig. 3 (a) . Consider the dashed area of the small element dβ i rotated about the center axis of the contact surface through dγ i as shown in the right figure. d f r i is the force generated by the deformation δ r i at the point a. Since the force parallel to the contact surface d f r i sin β i is counteractive against −d f r i sin β i at the symmetric point b of a with respect to the center axis, it is sufficient to consider forces d f r i cos β i at the points a and b normal to the contact surface. Since the compression ratio at a is
Derivation of Deformation Force
the generated force d( δ F r i ) of the small area at a is given by
where k r i is the stiffness coefficient. Then,
2.2.2 Derivation of δ F φ i Figure 5 shows the cross section such that the cross section of Fig. 4 is moved in the z F i -axis with the distance z i . Consider the dashed area of the small element dl i with the width dz i in the z F i -axis. Since the compression ratios of the compressive and extensive directions are
, the generated moment of the dashed area is given by
where k φ i is the stiffness coefficient. Then,
2.2.3 Derivation of δ F θ i Figure 6 shows the same cross section as Fig. 4 . Consider the shaded area with the widths dx i and dy i . The torsion angle ϕ(x i ) is given by ϕ(
Then, the relative torsion angle between the top and lower of the shaded area is derived as
From the relative angle dϕ, the shearing strain of the circular ring with the radius y i is γ = y i ×dϕ/dx i . Therefore, the moment about the x F i -axis by the shearing strain γ is d( Figure 7 shows the same cross section as Fig. 4 .
δ F ψ i is the moment about x F i of the center of the contact surface. Consider the shaded area with the widths dx i and dy i . The torsion angle ϕ(x i ) is given by
Then, the relative angle between the top and lower of the shaded area is derived as 
From the relative angle dϕ, the shearing strain of the circular ring with the radius y i is γ = y i × dϕ/dx i . Therefore, the shearing moment about the
Experimental Validation of the Force Model
The subscript i of variables is dropped here for simplicity. Figure 8 shows the experimental implements for the verification of the deformation model. The left figure shows the soft finger with the radius r=10 [mm] attached to the 6-axis force/torque sensor (BL-AUTEC, NANO 5/4). The right figure shows the implement to realize the deformations δ r , δ φ , δ θ and δ ψ by the rotations ξ 1 , ξ 2 , ξ 3 and the translation ξ 4 . Note that the ξ 1 -ξ 3 axes are orthogonal each other, the ξ 3 axis is normal to the finger base and the ξ 1 axis is through the center of the finger. The compressive displacement δ r and angle δ φ are realized by ξ 4 = δ r with ξ 2 = ξ 3 = 0 and ξ 1 = δ φ with ξ 2 = ξ 3 = ξ 4 = 0 respectively. In both experiments, the contact angle φ is variable by setting ξ 1 = the solid lines, the force δ F r is proportional to δ 2 r . Furthermore, it can be confirmed that the force does not depend on the contact angle φ since all the four solid lines are close to the data. These verify the relevance of the force model (4).
In . Since the circles are very close to or almost on the solid lines, the moment δ F φ is proportional to δ φ and increases as φ decreases at the same δ φ . These verify the relevance of the force model (6).
In to the term {1 + cos φ(1 + cos φ)(1 + cos 2 φ)}. Since the circles are very close to or almost on the solid lines, the moment δ F θ is proportional to δ θ and increases as φ decreases at the same δ θ . These verify the relevance of the force model (9) .
In Since the circles are very close to or almost on the solid lines, the moment δ F ψ is proportional to δ ψ and increases as δ r increases. These verify the relevance of the force model (12) .
Note however that the unit of the coefficients k θ and k ψ is [N/mm 3 ] to make the right terms of (9) and (12) equal the moments δ F θ and δ F ψ and therefore the coefficients do not have physical meanings.
Remark 2
In this paper, the stiffness coefficients are estimated using the force model (1) as curves to fit the curves to the experimental data instead of identifying the modulus of longitudinal and transverse elasticity of the soft finger by some mate- Fig. 11 Experimental results of the shearing moment δ F θ . Fig. 12 Experimental results of the shearing torsion moment δ F ψ .
rial testings. Since structure of a function as a curve is important for fitting the curve to data, the good fitness of the derived force model to the experimental data shows the relevance of the model.
Remark 3
The proposed method is an extension of the one dimensional radial distributed model in [2] . while the model in [2] is not compatible for some experimental results from an experimental verification reported in [13] , the proposed model can be compatible for the reported experiment in [13] due to one of the extended deformation δ φ i . Its verification can be performed by calculating the force F x i in the left figure of Fig. 3  (a) , i.e.,
Modeling
System Configuration
In this paper, we consider a 3-fingered robot hand grasping an object as shown in Fig. 13 . The finger tips are hemispherical elastic bodies attached to the ends of the third links of the fingers and the object is a polygonal rigid body.
In Fig. 13 , Σ B is the reference coordinate frame. Σ F i (i = 1, 2, 3) and Σ O are the coordinate frames fixed to the center of the ith finger and the object, respectively. The configuration of Σ F i relative to Σ B is represented by the position vec-
where q F i ∈ R 3 is the joint angle of the ith finger, and
Similarly, the configura- Figure 14 represents the neighborhood of the ith contact. Σ C F i and Σ C O i are the coordinate frames attached on the surfaces of the ith finger and the object with the origins at the ith contact point. The z f i -and z o i -axes of the frames are outward and normal to the surfaces of the ith finger and the object, respectively. The configuration of Σ C F i relative to Σ F i is represented by the position vector
and the rotation matrix
are the local coordinates on the surfaces of the fingers and the object. Note that
T where θ i and Fig. 13 3-fingered robot hand grasping an object. T ∈ R 15 , where
T ∈ R 5 is the contact coordinates [11] .
T ∈ R 9 is the input to the fingers, where
3 is the torque of the ith finger. Since the contact type is the soft finger contact, the contact force is denoted by
12 , where C F C i ∈ R 4 is the frictional force at the ith contact point.
Contact Kinematics with Deformation
It is necessary to consider the deformation effect into the contact motion. In this subsection, we derive the contact kinematics between the hemispherical elastic body and the polygonal rigid body based on the contact kinematics between rigid bodies [11] . For derivation, we make the following assumption:
Assumption 4
The relative motion at the contact is the pure rolling contact with the finger-tip's radius is r i − δ r i .
The contact points of the finger and the object coincide with each other [11] :
The contact point on the ith finger p C F i is given by
where (14) is defined by Fig. 2 . Since the contact normals and the tangent planes at the origins of Σ C F i and Σ C O i coincide with each other, the following equation holds [11] :
where
R X and R Z are the rotation matrices about x-and z-axes and
∈ R 2×2 is the rotation matrix from the x-and y-axes of Σ C F i to the x-and y-axes of Σ C O i (See Fig. 14) . Note that it is the modification that the relative angle between Σ C F i and Σ C O i changes from ψ i to Ψ i = ψ i + δ ψ i due to the torsion deformation δ ψ i .
Differentiating (13) and (16) yields the following equation:
R BC F i is the rotation matrix of Σ C F i relative to Σ B . (·) ∧ stands for the skew-symmetric matrix equivalent to a vector product and (·)
∨ is defined such that (ω
are the geometric parameters [11] of the ith finger. These are given by the following forms where the deformation is considered:
In (25)- (27), (v
) are the translational and rotational velocities due to the finger and object motion while (v in (21) are given by [11] 
where M go i ∈ R 2×2 ,K go i ∈ R 2×2 and T go i ∈ R 1×2 are the geometric parameters of the object.
Substituting (25)- (31) into (21) results in
is the relative velocity at the ith contact point, which is the velocity of Σ C F i with respect to Σ C O i expressed in Σ C F i . In the right side of (35), the first and third terms are the velocities generated by the finger and the object respectively. On the other hand, the second term is the velocity generated by the deformation, which is the modification in the contact kinematics with the deformation. Substituting (25)- (31) into (36) and aggregating the resultant equation forη i ∈ R 5 , we get the following contact kinematics with the deformation:
Dynamical Model with Deformation
From Assumption 4, the system is constrained by the pure rolling contact, which is described by [11] :
where e := [0 0 1] T . Therefore, from (35) and (42) we get the following constraint equation:
Motion Constraint
6 is the jacobian of the ith finger from the joint velocity to the velocity of the center of the finger tip.
T . The motion constraint (43) will be realized when the contact force satisfies the following frictional condition:
Constraint of Contact Force
where FC i describes the set of forces which lies in the friction cone at ith contact point [11] .
We finally derive the dynamical equations of the system. The Lagrangian of the system is given by
and V O are the inertia matrices and the potential energies of the fingers and the object, and the final term is the potential energy of the finger deformation. Applying (45) and (43) to the Lagrange equation, we get the dynamical equations with the deformation:
Equations of Motion
where C F ∈ R 9×9 , C O ∈ R 6×6 are the Coriolis matrices, N F ∈ R 9 , N O ∈ R 6 are the gravity terms, and
. (46) and (47) are the equations of motion of the fingers and the object, which are related to each other by the contact force C F C .
Remark 4 (48)
relates the contact force C F C to the deformation force δ F. This is a new equation to characterize the soft finger with the deformation.
Control Method
We propose control methods for the system composed of (46)-(48), (43) and (44). It is assumed that J C F and J O are full column rank, and J δ is nonsingular.
For the control method in the latter, the each contact force C F C i ∈ R 4 is decomposed to the translational force
where (47) and (48) are rewritten as
where δ F i is decomposed to the three components δ f i ∈ R 3 and the forth component δ τ i ∈ R. Similarly, the deformation displacements δ i ∈ R 4 are decomposed to the three components δ 
(54) and (55) are the translational constraint and the rotational constraint about the contact normals respectively.
Decomposition of Contact Force
In this subsection, we give an explicit relationship between the contact force and internal force. Let F O ∈ R 6 be defined as
which is the resultant force to the object by the contact force C F C . Solving (56) with respect to f C ∈ R 9 leads to
where (·) + stands for the pseudo inverse matrix of its argument and
f N represents the internal force which causes no effect on the object motion, where f N ∈ R 3 is its magnitude. The expression of
is the unit vector from the contact points i to j expressed in Σ C F i and R BC F i C F i e i j = −R BC F j C F j e ji . This internal force is illustrated in Fig. 15 . Since f N i is the magnitude of the pushing forces between two of the contact points as shown in Fig. 15 , the forces normal to the surface increase in proportion as the internal force. Therefore, since the other three components of the ith contact force increase in proportion as the force normal to the surface [11] , the constraint of the contact force (44) is achieved by controlling f N i appropriately.
Controller with Torsion Moment Compensation
The control objectives are shown in the followings: (A) To regulate the object q O to a desired value. (B) To regulate the internal force f N to a desired value. To achieve these objectives, we propose a controller:
where 
Assumption 5
The following matrix is nonsingular.
5×6 which is used in the another expression of (38)-(40), i.e.,η i = H i V C i .
Theorem 1
Suppose that (44) holds. Consider the closed loop system composed of the equations of motions (46), (47), (48), the motion constraint (43) and the controller (59). Then,
Proof. Consider a scalar function:
where P is the potential energy of the deformation:
In ( 
Let us consider the differentiation of V of (61):
From (52), (53), (57), (63) and (64), differentiating P of (62) with respect to time t by using Leibniz's law leads tȯ
On the other hand, from (46), (50), (59) and (57),
Furthermore, from (54),
Substituting (67) and (68) into (66) and calculating its resultant equation by using Property 1, (69), (47), (51), (56) and Since V of (61) is bounded downwards, we getV → 0 as t → ∞ from (70). Next, let us consider the invariant set to satisfyV ≡ 0, i.e.,
] is nonsingular, the following relationships hold from (68):
From (72), we get Δ f N ≡ 0. On the other hand, aggregating the differentiation of (71) and (43) forq O andδ leads to 
i.e., Δq O ≡ 0. Therefore, from LaSalle's invariance principle [16] , we get the claim of this theorem.
In (61), f N can be replaced to f N d . Note however that K N should be set as (I 3 + K N ) being nonsingular because (72) is changed to (I 3 + K N )Δ f N = 0.
Remark 5
The controller (61) can be extended to a controller with the only finger's variables q F ,q F and f C by the same way as shown in [5] .
Simulation
The physical parameters of the fingers and object are shown in Table 1 . μ i is identified using the experiment, where the normal and tangential forces are measured by moving the preloaded soft finger to the plate of the experimental implement in Fig. 8 . Since μ i is the dynamical friction coefficient, it is guaranteed that the contact force lines in the friction cone at the contact point. (14) and (17) with assuming that the finger tips are spired ones and the contact points do not change. 
Conclusion
In this paper, we considered control of grasp and manipulation of an object in 3-dimensional space by a 3-fingered hand robot with soft finger tips. We firstly proposed a 3-dimensional deformation model of a hemispherical soft finger tip and verified its relevance by experimental data. Second, we considered the contact kinematics and derived the dynamical equations of the fingers and the object where the 3-dimensional deformation was considered. These results contribute to the synthesis of controllers of grasp and manipulation of an object by soft fingers and construction of a numerical simulator to verify the response of fingers and an object. For the system, we thirdly proposed a method to regulate the object and the internal force with the information of the hand, the object and the deformation. The simulation was shown to prove the effectiveness of the control method.
A future work is the improvement of F θ and F ψ in the proposed force model because the coefficients k θ and k ψ do not have clear physical meaning.
